Abstract-In this paper, we propose a new discontinuous Galerkin finite element (DG) method to solve Troesch's problem, which is highly sensitive for large values of the parameter. This twopoint boundary value problem has been heavily studied since 1960, however, only a few papers have provided a reliable solution for high sensitivity. Therefore, we developed the DG method which has been proved its efficiency for many decades to be a new numerical solver. We demonstrate through computational results compared with those computed by other methods, that the discontinuous Galerkin method provides a quite efficient, accurate and reliable solution. Thus, the DG method is an attractive and competitive alternative to other numerical and semi-analytical techniques to solve highly sensitive nonlinear problems.
I. INTRODUCTION
Troesch's problem, which arises in the investigation of the confinement of a plasma column by radiation pressure, was initially introduced and formulated by Weibel [1] and Troesch [2] . Troesch's problem is defined by '' sinh( )
subject to (0) 0,
Roberts and Shipman [3] combined the multipoint, continuation and perturbation methods to provide an accurate solution of the problem for λ≤5. Jones [4] , Troesch [5] , Scott and Watts [6] and Kubicek [7] used the shooting method for solving the problem. Chiou [8] applied a non-iterative method known as method of transformation groups to solve the problem which appeared by that time to be simple and less-time consuming compared to older techniques. Scott [9] presented the invariant embedded method and Scott and Watts [10] - [11] presented a combined superposition and quasi-linearization procedure as other alternatives to solve the problem. In 1976, an outstanding paper by Roberts and Shipman [12] appeared providing a closed form solution to the problem in terms of Jacobian elliptic functions. Snyman [13] implemented the inverse shooting method and has been successful in solving this problem for large value of λ. Snyman's, Roberts' and Scott's results turned to be considered as benchmark solution for recent studies.
In our paper, we adopt the discontinuous Galerkin (DG) method to solve the Troesch's problem. This DG method can overcome the difficulty of the problem in term of high slope and concavity for large λ near x=1. Unlike the standard finite element method, the DG variational (primal or mixed) formulation involves some jump terms due to the choice of the solution and/or its derivative (and/or higher-order derivative) induced from the integration by parts on the boundary elements. In fact, researchers use the term numerical flux to define the solution on the boundaries. The choice of the numerical flux is the most delicate and crucial aspect of the definition of the DG method as it affects its stability and accuracy, as well as properties such as sparsity and symmetry of the stiffness matrix.
The paper is organized as follows: In §II we present the discontinuous Galerkin method applied to the Troesch's problem. In III we show several numerical results for different values of λ and we conclude with a few remarks in IV.
II. THE DISCONTINUOUS GALERKIN METHOD
In this section, the discontinuous Galerkin finite element method is developed and implemented for solving the Troesch's problem defined by '' sinh( )
where λ is a positive constant. In order to implement the discontinuous Galerkin (DG) method, we first create a partition, , 
where p P denotes the space of Legendre polynomials of degree p which will be adopted as basis functions. We define the weak discontinuous Galerkin (DG) formulation for (3) by multiplying it by a test function, and then integrating over I k . After integrating by parts, we obtain 11 11 Let us replace u by
, we obtain for k=0, 1, 2, ⋯, N and
where ()
numerical fluxes. These terms arise from a double integration by parts and an appropriate choice of these fluxes will define a stable DG method. Therefore, let us choose for k=1, 2, ⋯,
Therefore, the discrete formulation consists of determining ( 
and
We note that the DG solutions on each element I k can be written for k=0, 1, ⋯, N as ,, 00 
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III. NUMERICAL EXPERIMENT
We solve (3) using a uniform mesh with Δx=0.01 and p=2λ
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Let us now implement the DG method to solve Troesch's problem for different values of the parameter λ. The challenge throughout the years for this nonlinear parametric problem consists of finding the solution for large values of λ. Therefore, in this study, we provide the DG solution of the Troesch's problem for λ=1,3,5,10,15,20 and we show the efficiency of the method compared to existing numerical and semi-analytical results [5] , [9] , [12] . different values of λ. This DG computational scheme was successful to provide a reliable solution and to avoid the difficulty of the problem caused by large values of λ. This success was illustrated through the computational results shown earlier which reveal an outstanding agreement with the benchmark solutions. Therefore, due to its computational simplicity and efficiency, the DG method for solving Troesch's problem with a wide range of λ could be considered for future work as a reference trustworthy solver. for sake of accuracy mainly for large values of λ where an approximation by polynomials of higher degree is required. We plot the discontinuous Galerkin solution U versus x in Fig.  1 for different values of the parameter λ. Table I exhibits the pointwise DG solution at different values of x and is compared to the benchmark solution provided in [9] for λ=10 along with the error terms. These computational results reveal the accuracy and the efficiency of the DG method and unveiled to be a reliable solver for this kind of parametric nonlinear problem.
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Moreover, in Table II , we presented an accurate pointwise DG solution for large values of λ which could be taken as a reference solution for future studies. 
